Mathematical Society of the Republic of China

FIXED POINT THEOREMS AND WEAK CONVERGENCE THEOREMS FOR GENERALIZED

HYBRID MAPPINGS IN HILBERT SPACES

Author(s): Pavel Kocourek, Wataru Takahashi, Jen-Chih Yao and #k{FZ

Source: Taiwanese Journal of Mathematics, Vol. 14, No. 6 (December 2010), pp. 2497-2511
Published by: Mathematical Society of the Republic of China

Stable URL: https://www.jstor.org/stable/43834926

Accessed: 01-10-2018 01:19 UTC

JSTOR is a not-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide
range of content in a trusted digital archive. We use information technology and tools to increase productivity and

facilitate new forms of scholarship. For more information about JSTOR, please contact support@jstor.org.

Your use of the JSTOR archive indicates your acceptance of the Terms & Conditions of Use, available at

https://about.jstor.org/terms

Mathematical Society of the Republic of China is collaborating with JSTOR to digitize,
preserve and extend access to Taiwanese Journal of Mathematics

JSTOR

This content downloaded from 216.165.95.139 on Mon, 01 Oct 2018 01:19:43 UTC
All use subject to https://about.jstor.org/terms



TAIWANESE JOURNAL OF MATHEMATICS
Vol. 14, No. 6, pp. 2497-2511, December 2010
This paper is available online at http://www.tjim.nsysu.edu.tw/

FIXED POINT THEOREMS AND WEAK CONVERGENCE THEOREMS
FOR GENERALIZED HYBRID MAPPINGS IN HILBERT SPACES

Pavel Kocourek, Wataru Takahashi and Jen-Chih Yao*

Abstract. In this paper, we first consider a broad class of nonlinear mappings
containing the classes of nonexpansive mappings, nonspreading mappings, and
hybrid mappings in a Hilbert space. Then, we deal with fixed point theorems
and weak convergence theorems for these nonlinear mappings in a Hilbert
space.

1. INTRODUCTION

Let H be a real Hilbert space and let C' be a nonempty closed convex subset
of H. Then a mapping T : C — C is said to be nonexpansive if | Tz — Ty|| <
|z — y|| for all z,y € C. The set of fixed points of T is denoted by F'(T). From
Baillon [1] we know the following first nonlinear ergodic theorem in a Hilbert space.

Theorem 1.1. Let C' be a nonempty bounded closed convex subset of H and
let T : C — C be nonexpansive. Then, for any x € C,

n—1
1
Spr = — Z T*x
™ k=0
converges weakly to an element z € F(T).

An important example of nonexpansive mappings in a Hilbert space is a firmly
nonexpansive mapping. A mapping F' is said to be firmly nonexpansive if

|Fz — Fy||?> < (z — y, Fz — Fy)

for all z,y € C; see, for instance, Browder [3] and Goebel and Kirk [5]. It is
known that a firmly nonexpansive mapping F' can be deduced from an equilibrium
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2498 Pavel Kocourek, Wataru Takahashi and Jen-Chih Yao

problem in a Hilbert space; see, for instance, [2] and [4]. Recently, Kohsaka and
Takahashi [11], and Takahashi [16] introduced the following nonlinear mappings
which are deduced from a firmly nonexpansive mapping in a Hilbert space. A
mapping T : C — C is called nonspreading [11] if

2|Tz - Tyl < | Tz - y|* + | Ty — «|®
for all z,y € C. Similarly, a mapping T : C — C is called hybrid [16] if
3Tz — Tyl? < llo = yl|* + | Tz — y* + | Ty — ||

for all z,y € C. They proved fixed point theorems for such mappings; see also
Kohsaka and Takahashi [10] and Iemoto and Takahashi [8]. Very recently, Takahashi
and Yao [19] proved the following nonlinear ergodic theorem. ‘

Theorem 1.2. Let H be a Hilbert space, let C be a nonempty closed convex
subset of H and let T be a mapping of C into itself such that F(T) is nonempty.
Suppose that T satisfies one of the following conditions:

(i) T is nonspreading;
(i) T is hybrid;
(iif) 2|Tz - Ty|> < llz — yl* + [Tz — y|?, Vz,yeC.

Then, for any z € C, .
1+
Sn.’I: = ; Z Tkit
k=0
converges weakly to an element z € F(T).

In this paper, motivated by Takahashi and Yao [19], we introduce a broad class
of mappings T : C — C such that for some o, 3 € R,

a|Tz - Ty|* + (1 - @)z - Ty|* < Bl Tz = yl|* + (1 - B)ll= - yI|?

for all z,y € C. Such a class contains the classes of nonexpansive mappings,
nonspreading mappings, and hybrid mappings in a Hilbert space. Then, we prove
fixed point theorems for such nonlinear mappings in a Hilbert space. Furthermore,
we obtain a nonlinear ergodic theorem of Baillon’s type for this class of mappings
which generalizes Theorems 1.1 and 1.2 in a Hilbert space. Finally, we prove a
weak convergence theorem of Mann’s type [12] for this class of mappings.

2. PRELIMINARIES

Throughout this paper, we denote by N the set of positive integers and by
R the set of real numbers. Let H be a (real) Hilbert space with inner product
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Fixed Point Theorems and Weak Convergence Theorems 2499

(-,- ) and norm || - ||, respectively. We denote the strong convergence and the weak
convergence of {z,} to x € H by z,, — z and z, — z, respectively. From [15],
we know the following basic equalities. For z,y,u,v € H and A € R, we have

@.1) Az + (1= Nyl = Mlz|?+ 1 = Myl* - A1 - Az - y|%,
and
(2) 2(x—y,u—v) = |lz—v|> +|ly — ul® - [z — ul|* - [ly — v||*.

From (2.2), we also have the following equality.

23) Jz-—yt+u—v|>=lz-y|>+lu—v|*+2(z-y,u—v)
=llz —ylI® + [lu—v|®+ |z = o2+ lly — ul® = ||z — ul|® = |y — v||%

Let C be a nonempty closed convex subset of H and let T' be a mapping from
C into itself. Then, we denote by F(T') the set of fixed points of T. A mapping
T : C — C with F(T) # 0 is called quasi-nonexpansive if ||x — Ty|| < ||z — y||
for all z € F(T) and y € C. It is well-known that the set F(T) of fixed points
of a quasi-nonexpansive mapping T is closed and convex; see Ito and Takahashi
[9]. In fact, for proving that F(T) is closed, take a sequence {z,} C F(T) with
zn — 2. Since C is weakly closed, we have z € C. Furthermore, from

Iz = Tz|| < [z = zn|l + ll2n — T2|| < 2||z - za]| = O,
z is a fixed point of T and so F(T) is closed. Let us show that F(T') is convex.
For z,y€ F(T) and a €0, 1], put 2=az+(1—a)y. Then, we have from (2.1) that
Iz = Tz|? = llez + (1 — a)y - Tz|]?
=allz - T2 + (1 - a)ly - Tz - a(1 - @)l|lz - y|®
<allz - z|? + (1 - a)lly - 2| - a1 - )|z - y||?
=a(l-a)?lz - yl* + (1 - @)z — yl* - a(1 - o) |z — y|*
=a(l-a)l-a+a-1)|z—y|?
=0.
This implies Tz = z. So, F(T) is convex.

Let [*° be the Banach space of bounded sequences with supremum norm. Let x
be an element of (I°°)* (the dual space of [°°). Then, we denote by u(f) the value
of u at f = (x1,x2,23,...) € I°°. Sometimes, we denote by pn(z,) the value
u(f). A linear functional p on I is called a mean if u(e) = ||u|| = 1, where
e=(1,1,1,...). A mean p is called a Banach limit on I°° if pin(Tnt1) = pin(zn).
We know that there exists a Banach limit on {*°. If 4 is a Banach limit on [*°, then
for f = (z1,x2,x3,...) €1,

liminfx, < gz, < limsupz,.
n—00 n—00
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2500 Pavel Kocourek, Wataru Takahashi and Jen-Chih Yao

In particular, if f = (x1,x2,23,...) € [*® and z, — a € R, then we have
w(f) = pnzn = a. For a proof of existence of a Banach limit and its other
elementary properties, see [14]. Using Banach limits, Takahashi and Yao [19]
proved the following fixed point theorem.

Theorem 2.1. Let H be a Hilbert space, let C be a nonempty closed convex
subset of H and let T be a mapping of C into itself. Suppose that there exists an
element x € C such that {T™z} is bounded and

pnl Tz = Ty|® < pal Tz — y|?, Wy eC
for some Banach limit p. Then, T has a fixed point in C.

Let C be a nonempty closed convex subset of H and x € H. Then, we know
that there exists a unique nearest point z € C such that ||z — z|| = infyec ||z — y||.
We denote such a correspondence by 2 = Pcx. Pc is called the metric projection
of H onto C. It is known that P¢ is nonexpansive and

(x — Pcx,Pcx —u) >0

for all z € H and u € C; see [15] for more details.

3. FixeD POINT THEOREMS

In this section, we start with defining a broad class of nonlinear mappings con-
taining the classes of nonexpansive mappings, nonspreading mappings, and hybrid
mappings in a Hilbert space. Let H be a Hilbert space and let C' be a nonempty
closed convex subset of H. Then, a mapping T : C — C is called generalized
hybrid if there are o, § € R such that

BG4 alTz - Ty|* + (1 - a)lle = Tyl® < BITz - yl|* + (1 - Bz - y|I*

for all z,y € C. We call such a mapping an («, (3)-generalized hybrid mapping. We
observe that the mapping above covers several well-known mappings. For example,
an (o, ()-generalized hybrid mapping is nonexpansive for « = 1 and 8 = 0,
nonspreading for « = 2 and § = 1, and hybrid for a = % and g = % We can also
show that if z = T'z, then for any y € C,

allz = Ty|* + (1 - a)|lz = Ty|? < Bllz - ylI* + (1 - B)llz — yl®

and hence ||z — Ty|| < |lz — y||. This means that an (a, ()-generalized hybrid
mapping with a fixed point is quasi-nonexpansive. Now, we prove a fixed point
theorem for generalized hybrid mappings in a Hilbert space.

Theorem 3.1. Let C be a nonempty closed convex subset of a Hilbert space H
and let T : C — C be a generalized hybrid mapping. Then T has a fixed point in
C if and only if {T"z} is bounded for some z € C.
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Fixed Point Theorems and Weak Convergence Theorems 2501

Proof. Since T : C — C is a generalized hybrid mapping, there are o, 3 € R
such that

3.5 alTz —Tyl* + (1 - a)llz — Tyl|* < BITz - y||* + (1 - B)l|l= — y|?
for all z,y € C. If F(T) # 0, then {T"2} = {2} for z € F(T). So, {T™z} is

bounded. We show the reverse. Take z € C such that {T™z} is bounded. Let u be
a Banach limit. Then, for any y € C and n € NU {0}, we have

o Tz = Tyl + (1 - )| T"z — Ty||?
< BIT" 2 —y|? + (1 = B)IT"z — y|?

for any y € C. Since {T™z} is bounded, we can apply a Banach limit 4 to both
sides of the inequality. Then, we have

pn (@ Tz = Tyl + (1 = )| Tz = Ty||)
< pn(BIT™ 2 = y|* + (1= B)IT"2 ~ yI1?).
So, we obtain
apn || T 2 = Ty|? + (1~ a)pn | T2 — Ty|?
< Bunl| Tz = yl? + (1 = B | T2 — yI?
and hence
apn | Tz = Ty|? + (1 - @)pal| Tz — Ty
< Bunl| Tz = |2 + (1 = Bunl T2 — y||%.

This implies ) )
| T™z = Ty||* < pn T2 — y|
for all y € C. By Theorem 2.1, we have a fixed point in C. ]
As a direct consequence of Theorem 3.1, we have the following result.

Theorem 3.2. Let C' be nonempty bounded closed convex subset of a Hilbert
space H and let T be a generalized hybrid mapping from C to itself. Then T has
a fixed point.

Using Theorem 3.1, we can also prove the following well-known fixed point
theorems. We first prove a fixed point theorem for nonexpansive mappings in a
Hilbert space.

Theorem 3.3. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let T : C — C be a nonexpansive mapping, i.e.,
ITz - Ty|| < |lz - yll, Vz,yeC.

Suppose that there exists an element x € C such that {T™z} is bounded. Then, T
has a fixed point in C.
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2502 Pavel Kocourek, Wataru Takahashi and Jen-Chih Yao

Proof. In Theorem 3.1, a (1, 0)-generalized hybrid mapping of C into itself is
nonexpansive. By Theorem 3.1, T has a fixed point in C. ]

The following is a fixed point theorem for nonspreading mappings in a Hilbert
space.

Theorem 3.4. ([11]). Let H be a Hilbert space and let C be a nonempty closed
convex subset of H. Let T : C — C be a nonspreading mapping, i.e.,

2|Tz - Ty|* < | Tz —y|® + | Ty — 2|®>, Vz,yeC.

Suppose that there exists an element x € C such that {T"z} is bounded. Then, T
has a fixed point in C.

Proof. In Theorem 3.1, a (2, 1)-generalized hybrid mapping of C into itself is
nonspreading. By Theorem 3.1, T has a fixed point in C. ]

The following is a fixed point theorem for hybrid mappings by Takahashi [16]
in a Hilbert space.

Theorem 3.5. ([16]). Let H be a Hilbert space and let C' be a nonempty closed
convex subset of H. Let T : C — C be a hybrid mapping, i.e.,

3| Tz - Tyl® < llz — ylI* + | Tz — y||* + 1Ty - 2|, Vz,y€C.

Suppose that there exists an element x € C such that {T"z} is bounded. Then, T
has a fixed point in C.

Proof. In Theorem 3.1, a (2, 1)-generalized hybrid mapping of C into itself is
hybrid in the sense of Takahashi [16]. By Theorem3.1,T has a fixed point inC. m

We can also prove the following fixed point theorem in a Hilbert space.

Theorem 3.6. Let H be a Hilbert space and let C' be a nonempty closed convex
subset of H. Let T : C — C be a mapping such that

2|Tz ~ Tyl? < llz - yl* + Tz - yll?, Vz,yeC.

Suppose that there exists an element x € C such that {T™z} is bounded. Then, T"
has a fixed point in C.

Proof. In Theorem 3.1, a (1, %)—generalized hybrid mapping of C into itself
is the mapping in our theorem. By Theorem 3.1, T" has a fixed point in C. ]

Let C be a nonempty closed convex subset of a Hilbert space H. A mapping
S : C — C is called super hybrid if there are o, 8,7 € R with v > 0 such that

af| Sz — Sy|I> + (1 — o+ )|z — Sy|?
(3.6) <B+B-aN)|Sz—yl?+(1-8-(B-a-1))|z-y|?
+(a = B)7llz - Szl +v|ly — Syl?
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Fixed Point Theorems and Weak Convergence Theorems 2503

for all z,y € C. We call such a mapping an (o, 3, v)-super hybrid mapping. We
notice that an (c, 3, 0)-super hybrid mapping is (o, 3)-generalized hybrid. So, the
class of super hybrid mappings contains the class of generalized hybrid mappings.

Theorem 3.7. Let C be a nonempty closed convex subset of a Hilbert space H
and let a, 3 and 7 be real numbers with v > 0. If a mapping S : C — C is (o, (3,
~)-super hybrid, then the mapping ﬁ;S + I%?I is an (o, [3)-generalized hybrid
mapping of C into itself.

Proof. Put A = # #0and T = AS + (1 — A)I. Let us consider

k= —a|Tz - Ty|* - (1 - a)llz - Tyl* + BITz — ylI* + (1 - B)ll= — ylI*.
Since T = AS + (1 — A)I, we have

k= —a||A\(Sz~Sy) +(1-N)(@-y)I*- (1-a) Xz~ 5y) + (1 - N)(z - y)|?

+BIX(Sz - y) + (1 =Nz - y)I* + (1 - B)llz - >

Applying the identity (2.1), we get

k=—a {X|Sz - Sy|*+ (1= Allz = y|> = M1 = N)||Sz ~ Sy — = +y|*}

— (1= a) {Ale = Syl> + (1 = Mllz = ylI* = A1 = Ny - Syl*}

+B{MISz = ylI* + (1 = Ve - ylI* = A1 = Nz - Sz|*} + (1= |z ~y]>.

Adding four terms ||z — y||? due to —a — (1 — @) + 8+ (1 — 8) = 0 and dividing
by A, we obtain

Ak = —a{||Sz - Sy|® - e - yI* = (1 = N)||ISz — Sy — = +y||*}

~(1=a){llz = Syl* - llz -yl = (1 = Ny - SylI*}
+8 {15z~ yI* = llo — yI* — (1 = ||z - 5z||*} .

So, we have
A7k = —a||Sz - Sy||* - (1 - o)z — SylI?

+BlISz — ylI* + (1 = B)llz = yI* - B(1 = N)|lz - Sz||?
+(1 = @)(1 = Ny = SylI* + a(1 = N)||Sz ~ Sy — = + y||*.

Dividing by A, we have from A~! = v + 1 that
A%k = —a(y +1)||Sz - Sy|* - (1 - &)(y + 1) ||z - Syl|?
+B(y+ 1Sz = yl> + (v + 1)(1 - Bz — y|* - Bz - Sz|)?
+(1-a)ylly - Syll* + e[Sz = Sy — = +y||*.
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We know from (2.3) that
ISz — Sy — z +yl|?> = ||Sz - Sy|I*> - ||z — Sy|> — || Sz — y||?
+lz - ylI* + Sz — z||*> + || Sy — y|I*
So, we obtain
A2k = —a|Sz - Sy|I> - {(1 - a) + 7}z — Sy||?
+HB+ (8-S —yl> +{1-B-7(B-a -1}z - yl?
+(a = B)yllz — Sz|* + vlly - Syl*.
Since A~2k > 0 and A~2 > 0, we obtain k > 0. This completes the proof. [

Using Theorem 3.7, we have the following fixed point theorem for super hybrid
mappings in a Hilbert space.

Theorem 3.8. Let C be a nonempty closed convex subset of a Hilbert space
H and let a, B and vy be real numbers with v > 0. Let S : C — C be an (q,
B, v)-super hybrid mapping and suppose that C' is bounded. Then, S has a fixed
point in C.

Proof. Since S : C — C is (a, B, 7)-super hybrid, we know from Theorem
3.7 that the mapping T = #S’ + 51 : C — C is (@, B)-generalized hybrid.
Using Theorem 3.2, we have that T has a fixed point in C. From F(T) = F(S),
S has a fixed point in C. n

4. NONLINEAR ERGODIC THEOREM

In this section, using the technique developed by Takahashi [13], we prove a
nonlinear ergodic theorem of Baillon’s type [1] for generalized hybrid mappings in
a Hilbert space.

Theorem 4.1. Let H be a Hilbert space and let C be a closed convex subset
of H. Let T : C — C be a generalized hybrid mapping with F(T) # 0 and let P
be the mertic projection of H onto F(T). Then, for any x € C,

1 n—1
SnI = ; kX_(:) Tka:

converges weakly to an element p of F(T), where p = lim,_,oo PT"z.

Proof. Since T : C — C is a generalized hybrid mapping, there are o, 3 € R
such that

@1) a|Tz - Ty|* + (1 - a)llz - Tyl* < BITz ~ ylI* + (1 - B)llz — yII?
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Fixed Point Theorems and Weak Convergence Theorems 2505

for all x,y € C. Since T is an (o, ()-generalized hybrid mapping, T is quasi-
nonexpansive. So, we have that F(T') is closed and convex. Let z € C and let P
be the metric projection of H onto F'(T'). Then, we have

|PT"x — T z|| < |PT" 'z — Tz||
< || PT™ 1z — T 1z].

This implies that {||PT"z — T"z||} is nonincreasing. We also know that for any
veCand u € F(T),
(v—Pv,Pv—u) >0

and hence
lv = Pv||? < (v = Pv,v —u).

So, we get
1Pv—ul® = |Pv — v+ v~ u?
= ||Pv - v||? = 2(Pv — v,u — v) + ||Jv — ul|?
< o= ull® = | Pv — o]
Let m,n € N with m > n. Putting v = T™z and u = PT"z, we have
|PT™z — PT"z|? < |T™z — PT"z|?® — |PT™z — T™x||?
< |T"z — PT"z||? - |PT™x — T™z|2.
So, {PT"z} is a Cauchy sequence. Since F(T) is closed, { PT™z} converges
strongly to an element p of F(T'). Take u € F(T). Then we obtain, for any n € N,

1 n—1
IS0z ~ull < ~ Y IT e — ull < o~ ul.
k=0
So, {Shx} is bounded and hence there exists a weakly convergent subsequence
{Sn,x} of {Spz}. If Sp,xz — v, then we have v € F(T'). In fact, for any y € C
and k € NU {0}, we have that

0< BIT 'z~ y|* + (1 - B)IT*z ~ y|?
—a|| Tz = Ty|]* - (1 - o) |T*z ~ Ty|
= B{IT*'z - Ty|? + 2 (T*'z - Ty, Ty - y) + Ty - yII*}
+ (1= B{IT* - Tyl +2(T*z ~ Ty, Ty - y) + |Ty - yII°}
—a|| Tz — Ty|]* - (1~ a)|T*z ~ Ty|]
= ITy - yl?+2 (8T 'z + (1 - HT*z - Ty, Ty - y)
+ (8 - ){IT*'z ~ Ty||* - | T*z - Ty|*}.
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Summing up these inequalities with respectto k =0,1,...,n—1,

n—1
0 <n||Ty—yl*+2 <Z T*z + B(T"x — ) — nTy, Ty — y>
k=0

+(8 - ){|IT"z — Ty - ||z — Ty||?}.

Deviding this inequality by n, we have

1
0<||Ty—yl>+2 <Snx + ;ﬂ(T"w —z)-Ty, Ty - y>
1 mn
+=(8 - ){IT"z - Tyl - |lz - Ty|*},

where S,z = 1 3720 T*z. Replacing n by n; and letting n; — oo, we obtain

from S,z — v that
0<|ITy—yl*+2(w—Ty, Ty—y).

Putting y = v, we have 0 < —||Tv — v||? and hence Tv = v. To complete the
proof, it is sufficient to show that if S,z — v, then v = p. We have that

(T*z — PT*z, PT*z —u) >0
for all u € F(T). Since {||T*z — PT*z||} is nonincreasing, we have

(u — p, T*z — PT*z) < (PT*x — p, T*z — PT*x)
< | PT*z - pl| - | T* — PT*)
< ||PT*z - p|| - ||z - Pz].

Adding these inequalities from k = 0 to k = n — 1 and dividing n, we have

n—1 n—1
1 Tz — Px
(u—p, Snx — - E PT*z) < w E | PT*z — p|.
k=0 k=0

Since Sp,;z — v and PT*z — p, we have
(u—p,v—p) <0.

We know v € F(T). So, putting u = v, we have (v — p,v — p) < 0 and hence
lv = p||? < 0. So, we obtain v = p. This completes the proof. ]

Remark 1. From Theorem 4.1, we can prove Theorems 1.1 and 1.2. We do
not know whether a nonlinear ergodic theorem of Baillon’s type for super hybrid
mappings in a Hilbert space holds or not.
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5. WEAK CONVERGENCE THEOREM OF MANN’S TYPE

In this section, we prove a weak convergence theorem of Mann’s type [12] for
generalized hybrid mappings in a Hilbert space. Before proving the theorem, we
need the following lemma.

Lemma 5.1. Let H be a Hilbert space and let C be a closed convex subset of
H. Let T : C — C be a generalized hybrid mapping. Then, I — T is demiclosed,
ie, T, — z and x, — Tz, — 0 imply z € F(T).

Proof. Since T : C — C is a generalized hybrid mapping, there are o, 3 € R
such that

G a|Tz-Ty|? + (1 - o)z~ Tyll* < BTz — ylI* + (1 - B) |z ~ y|?
for all z,y € C. Suppose =, — z and x, — Tz, — 0. Let us consider

(52) a||Tz, — Tz|?>+ (1 —a)||zn — Tz||? < B||Txn — 2| + (1 = B)||lzn — 2|
From this inequality, we have

a|Tzn — Tn 4 o — Tz|? + (1 — a)||zn — T2|?
< BTz = T+ Tn = 2> + (1 = B l&n — 2|°

and hence
(|| Tz —zn||*+||Zn— T2 2+ 2(Txp — Tn, T —T2)) +(1— ) | 2n—Tz||?
< BITzn—xn||?+||Tn — 2|2+ 2(T2p— 2pn, Tn—T2)) + (1= B) || zn—2||%.
We apply a Banach limit u to both sides of the inequality. Then, we have
(| Txn— 2|2+ |20 — T 2|2+ 2(T 2 — T, £ —T2)) + (1 — @) i || — T2
< Bpn(ITTn =2+ |20 = 2|+ 2(T 20~ Tn, 20 —T2)) +(1 = B) inll2n— 2|
and hence

opin||Zn — T2||2 4+ (1 = @) pn|zn — T2||?
< Bunllzn = 211> + (1 = B)unllzn — 2|

So, we have pin||n — T2||? < pnlln — 2||2. From pp|lz, — 2 + 2 — Tz|? <
pn||Zn — 2||%, we also have

pnl|Zn = 2% + pn 2 - Tz||* + 2un(Tn — 2,2 = T2) < pinl2n — 2%
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So, we obtain u,||z — T'2||> < 0 and hence ||z — Tz||? < 0. Then, Tz = 2. This
implies that I — T is demiclosed. ]

Using Lemma 5.1 and Ibaraki and Takahashi [6], we can prove the following
theorem. The proof is due to the technique developed by Ibaraki and Takahashi [6]
and [7].

Theorem 5.2. Let H be a Hilbert space and let C be a closed convex subset
of H. Let T : C — C be a generalized hybrid mapping with F(T) # 0 and let P
be the mertic projection of H onto F(T). Let {a,} be a sequence of real numbers
such that 0 < a, < 1 and liminf, o0 an(l — an) > 0. Suppose {z,} is the
sequence generated by x1 =z € C and

Tnt1 = anZn+ (1—an)Tz,, n=1,2,....

Then, the sequence {x,} converges weakly to an element v of F(T), where v =
limy,—o0 PThp.

Proof. Let z € F(T). Since T is quasi-nonexpansive, we have

|lZn+1 — 2"2 = |lonn + (1 — an) Tz, — z||2
< apllTn - z||2 +(1—on)||Tzn — z||2
< apllTs — z||2 + (1= an)|lzn - z||2
= ||z — z||2
for all n € N. Hence, lim,, .o || — 2||? exists. So, we have that {z,,} is bounded.
We also have from (2.1) that
lzn+1 — 2"2 = [|lanzn + (1 — an)Tzn — z||2
= apl|zn - z||2 + (1 —an)|Tzn - 2"2 —an(l - an)|Tzn - a’n”2
< anllzn - z||2 + (1 = an)llzn - z||2 —an(l = an)|Tzn - xn"2

= ||lzn - 2"2 = an(l — on)||Tzn - xn"2-
So, we have
an(l —an)||Tzn - xn"2 < |jzn - 2"2 = |Zn41 — Z“2~

Since limy, o0 || — 2|2 exists and lim inf,_,c0 (1 — an) > 0, we have || Tz, —
z,||2 — 0. Since {z,} is bounded, there exists a subsequence {x,} of {z,} such
that z,,, — v. By Lemma 5.1, we obtain v € F(T). Let {x,,} and {z,;} be two
subsequences of {x,} such that z,; — v; and z,; — va. To complete the proof,
we show v; = vo. We know vy, vy € F(T) and hence lim,_,c0 ||Zn — v1]|? and
limp o0 ||Tn — v2||? exist. Put
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a = lim (Jon = v1]]? = lzn = va]2).
Note that forn = 1,2,...,
lzn = v1l|* = l|lzn — v2ll> = 2(2n, v2 = v1) + [Jo1]|* = [|vz*.

From z,, — v; and z,;, — vz, we have

(5.3) a = 2(vy,v2 — v1) + [lor]|* — [lve||?
and
(5.4) a = 2(vg, v2 — 1) + ||lva||? = [Ju2||%.

Combining (5.3) and (5.4), we obtain 0 = 2(va—v1, v2—v;) and hence |Jva—v1||%2 =
0. So, we obtain vy = v;. This implies that {z,} converges weakly to an element
v of F(T). Since ||xn+1 — 2|| < ||zn — 2| for all z € F(T) and n € N, we obtain
from Takahashi and Toyoda [18] that { Pz, } converges strongly to an element p of
F(T). On the other hand, we have from the property of P that

(xn — Pzp, Pzp—u) >0
for all w € F(T') and n € N. Since z, — v and Pz, — p, we obtain
(v—p,p—u) 20
for all u € F(T). Putting u = v, we obtain p = v. This means v = lim,,_, Pzn.
This completes the proof. u

ACKNOWLEDGMENTS

The second author and the third author are partially supported by Grant-in-Aid
for Scientific Research No. 19540167 from Japan Society for the Promotion of
Science and by the grant NSC 98-2115-M-110-001, respectively.

REFERENCES

1. J.-B. Baillon, Un theoreme de type ergodique pour les contractions non lineaires dans
un espace de Hilbert, C. R. Acad. Sci. Paris Ser. A-B, 280 (1975), 1511-1514.

2. E. Blum and W. Oettli, From optimization and variational inequalities to equilibrium
problems, Math. Student, 63 (1994), 123-145.

3. F. E. Browder, Convergence theorems for sequences of nonlinear operators in Banach
spaces, Math. Z., 100 (1967), 201-225.

4. P. L. Combettes and A. Hirstoaga, Equilibrium problems in Hilbert spaces, J. Non-
linear Convex Anal., 6 (2005), 117-136.

This content downloaded from 216.165.95.139 on Mon, 01 Oct 2018 01:19:43 UTC
All use subject to https://about.jstor.org/terms



2510

5.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Pavel Kocourek, Wataru Takahashi and Jen-Chih Yao

K. Goebel and W. A. Kirk, Topics in Metric Fixed Point Theory, Cambridge Uni-
versity Press, Cambridge, 1990.

T. Ibaraki and W. Takahashi, Weak convergence theorem for new nonexpansive map-
pings in Banach spaces and its applications, Taiwanese J. Math., 11 (2007), 929-944.

T. Ibaraki and W. Takahashi, Fixed point theorems for nonlinear mappings of non-
expansive type in Banach spaces, J. Nonlinear Convex Anal., 10 (2009), 21-32.

. S. Iemoto and W. Takahashi, Approximating fixed points of nonexpansive mappings

and nonspreading mappings in a Hilbert space, Nonlinear Anal.,71(2009),2082-2089.

. S. Itoh and W. Takahashi, The common fixed point theory of single-valued mappings

and multi-valued mappings, Pacific J. Math., 79 (1978), 493-508.

F. Kohsaka and W. Takahashi, Existence and approximation of fixed points of firmly
nonexpansive-type mappings in Banach spaces, SIAM. J. Optim., 19 (2008), 824-835.

F. Kohsaka and W. Takahashi, Fixed point theorems for a class of nonlinear mappings
related to maximal monotone operators in Banach spaces, Arch. Math., 91 (2008),
166-177.

W. R. Mann, Mean value methods in iteration, Proc. Amer. Math. Soc., 4 (1953),
506-510.

W. Takahashi, A nonlinear ergodic theorem for an amenable semigroup of nonexpan-
sive mappings in a Hilbert space, Proc. Amer. Math. Soc., 81 (1981), 253-256.

W. Takahashi, Nonlinear Functional Analysis, Yokohoma Publishers, Yokohoma,
2000.

W. Takahashi, Introduction to Nonlinear and Convex Analysis, Yokohoma Publishers,
Yokohoma, 2009.

W. Takahashi, Fixed point theorems for new nonlinear mappings in a Hilbert space,
J. Nonlinea Convex Anal., 11 (2010), 79-88.

W. Takahashi, Nonlinear operators and fixed point theorems in Hilbert spaces, RIMS
Kokyuroku, 1685 (2010), to appear.

W. Takahashi and M. Toyoda, Weak convergence theorems for nonexpansive map-
pings and monotone mappings, J. Optim. Theory Appl., 118 (2003), 417-428.

W. Takahashi and J.-C. Yao, Fixed point theorems and ergodic theorems for nonlinear
mappings in Hilbert spaces, Taiwanese J. Math., to appear.

Pavel Kocourek

Department of Applied Mathematics,
National Sun Yat-sen University,
Kaohsiung 80424,

Taiwan

E-mail: pakocica@gmail.com

This content downloaded from 216.165.95.139 on Mon, 01 Oct 2018 01:19:43 UTC
All use subject to https://about.jstor.org/terms



Fixed Point Theorems and Weak Convergence Theorems

Wataru Takashi

Department of Applied Mathematics,
National Sun Yat-sen University,
Kaohsiung 80424, Taiwan

E-mail: wataru@is.titech.ac.jp

Jen-Chih Yao

Department of Applied Mathematics,
National Sun Yat-sen University,
Kaohsiung 80424,

Taiwan

E-mail: yaojc@math.nsysu.edu.tw

This content downloaded from 216.165.95.139 on Mon, 01 Oct 2018 01:19:43 UTC

All use subject to https://about.jstor.org/terms

2511



	Contents
	p. 2497
	p. 2498
	p. 2499
	p. 2500
	p. 2501
	p. 2502
	p. 2503
	p. 2504
	p. 2505
	p. 2506
	p. 2507
	p. 2508
	p. 2509
	p. 2510
	p. 2511

	Issue Table of Contents
	Taiwanese Journal of Mathematics, Vol. 14, No. 6 (December 2010) pp. 2125-2527
	Front Matter
	CONSISTENCY OF BOOSTING UNDER NORMALITY [pp. 2125-2136]
	ON APPROXIMATION OF INTEGRATED SEMIGROUPS [pp. 2137-2161]
	STRONG CONVERGENCE OF MODIFIED ITERATION PROCESSES FOR RELATIVELY ASYMPTOTICALLY NONEXPANSIVE MAPPINGS [pp. 2163-2180]
	CONVERGENCE CRITERION OF THE FAMILY OF EULER-HALLEY TYPE METHODS FOR SECTIONS ON RIEMANNIAN MANIFOLDS [pp. 2181-2201]
	ON THE MAXIMAL ASYMPTOTICS FOR LINEAR DIFFERENTIAL EQUATIONS IN BANACH SPACES [pp. 2203-2217]
	HAYMAN T DIRECTIONS OF MEROMORPHIC FUNCTIONS [pp. 2219-2228]
	NOTES ON CARLITZ'S q-OPERATORS [pp. 2229-2244]
	SOME NEW CHARACTERIZATIONS OF BLOCH SPACES [pp. 2245-2259]
	RINGS WITH INDECOMPOSABLE RIGHT MODULES LOCAL [pp. 2261-2275]
	TAYLOR EXPANSION FOR AN ANALYTIC HYPERSURFACE IN ℝN [pp. 2277-2289]
	ℓ∞(X)-ℓP(Y) SUMMABILITY OF MAPPING MATRICES [pp. 2291-2305]
	CONVERGENCE OF A PROXIMAL-LIKE ALGORITHM IN THE PRESENCE OF COMPUTATIONAL ERRORS [pp. 2307-2328]
	VISCOSITY-TYPE APPROXIMATION METHOD FOR EFFICIENT SOLUTIONS IN VECTOR OPTIMIZATION [pp. 2329-2342]
	KOTTWITZ-RAPOPORT STRATA IN THE SIEGEL MODULI SPACES [pp. 2343-2364]
	THE Lp UNIQUE SOLVABILITY OF THE FIRST INITIAL BOUNDARY-VALUE PROBLEM FOR HYPERBOLIC SYSTEMS [pp. 2365-2381]
	IDENTIFICATION PROBLEMS FOR ISOTROPIC VISCOELASTIC MATERIALS WITH LONG NONLINEAR MEMORY [pp. 2383-2403]
	MEAN SQUARE ERROR SYNCHRONIZATION IN NETWORKS WITH RING STRUCTURE [pp. 2405-2433]
	WELL-POSEDNESS OF SYSTEMS OF EQUILIBRIUM PROBLEMS [pp. 2435-2446]
	𝕋-EPIDERIVATIVES OF SET-VALUED MAPS AND ITS APPLICATION TO SET OPTIMIZATION AND GENERALIZED VARIATIONAL INEQUALITIES [pp. 2447-2468]
	SOME MISCELLANEOUS PROPERTIES AND APPLICATIONS OF CERTAIN OPERATORS OF FRACTIONAL CALCULUS [pp. 2469-2495]
	FIXED POINT THEOREMS AND WEAK CONVERGENCE THEOREMS FOR GENERALIZED HYBRID MAPPINGS IN HILBERT SPACES [pp. 2497-2511]
	INDEX VOLUME 14 (2010) [pp. 2513-2527]
	Back Matter



